The goal of this paper is to theoretically investigate the propagation of elastic waves in helical waveguides. In the context of non-destructive evaluation for structural health monitoring, this study is motivated by the need for inspecting helical structures such as cables or springs. A numerical method is chosen based on a semi-analytical finite element technique. The proposed method relies on a non-orthogonal curvilinear coordinate system that is translationally invariant along the helix centreline, so that a Fourier transform is explicitly performed and the problem is reduced to two dimensions.
Some useful expressions are also derived for the averaged energy and flux in order to directly compute the energy velocity. The convergence and accuracy of the proposed method are then assessed by comparing finite element results with reference solutions.
A dispersion analysis inside a 7.5° helical wire, typically encountered in civil engineering cables, is realised including attenuation due to material damping. Some dispersion curves are finally presented for a wide range of lay angles and for several centreline radii. Significant differences with the infinite cylinder are observed.
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INTRODUCTION
As an interesting non-destructive test technology for structural health monitoring, elastic guided waves have received a great deal of attention. In cylindrical waveguides, elastic wave propagation has been widely investigated since the early works of Pochhammer in 1876 and Chree in 1889. For instance, we can cite the paper of
Zemanek [1] , who was one of the first authors to present a complete analytical and experimental investigation. However, similar attention has not been given to helical waveguides, though their study might be important for inspecting helical structures such as cables or springs.
In civil engineering, a typical application is given by steel multi-wire cables, which are widely employed as load-carrying members. The basic element of these cables is usually a simple straight strand made of a straight core and one layer of helical wires.
Some recent experimental studies of multi-wire strands have been realized pointing out the fact that the Pochhammer-Chree dispersion curves cannot accurately predict propagation inside multi-wire strands [2−6] . In fact, the theoretical understanding of guided ultrasonic waves in multi-wire strands is complicated by the helical geometry of peripheral wires, the inter-wire coupling and contact effects, the presence of applied loads and concrete embedment (if any) [3−8] . As a first step toward an increasing complexity, only the first above complicating effect is addressed in this paper by numerically investigating elastic guided waves inside a single helical wire. Since this work aims at improving the understanding of such guided waves, a computational approach rather than a purely mathematical approach has been chosen. In order to deal with complex geometry, some of the most popular and efficient numerical techniques are based on finite element (FE) methods.
The so-called semi-analytical finite element (SAFE) method is a first approach that has been used to study uniform straight waveguides of arbitrary cross-section -see for instance Refs. [9−15] . Using an interesting procedure based on the use of an A second approach is based on the theory of wave propagation in periodic structures, which is somewhat more general because non-uniform waveguides can be analyzed. Based on Floquet's principle, this theory allows studying the single repetitive can be found in Ref. [19] . Based on a general theory presented by Mead [20] , some periodic FE approaches and procedures have then been developed -see for instance
Refs. [21−24] . Such methods can be implemented as a post-process step of a standard FE code providing stiffness, mass and damping matrices. Similarly to SAFE methods, periodic FE approaches only need the mesh of one repetitive cell, which reduces the computational cost.
For modelling a single helical wire, which is a uniform waveguide, both SAFE and periodic FE approaches can be applied. The author [25] has recently proposed a numerical procedure based on a periodic FE approach combined with a specific helical mapping in order to arbitrarily reduce the periodic cell length. He presented results for an undamped helical wire having a 7.5° lay angle, typically encountered in seven-wire strands. In this paper, a SAFE method extended to helical waveguides is proposed. In Sec. 2, a weak variational formulation is written in terms of a non-orthogonal curvilinear coordinate system that is translationally invariant along the helix centreline, so that a Fourier transform is explicitly performed. As opposed to a periodic FE approach, this approach explicitly takes into account the property of translational invariance of helical waveguides. More mathematical insight is somewhat gained and the problem to be solved is reduced to two dimensions (computational costs are thus reduced). Note that the coordinate system used can be considered as an extension of the works of Onipede et al. [17, 18] developed for pretwisted waveguides. In Sec. 3, after some considerations about convergence and accuracy of the SAFE method, a dispersion analysis inside a 7.5° helical wire is realised including attenuation due to material damping. Some dispersion curves are finally presented for a wide range of lay angles and for several centreline radii.
FE FORMULATION FOR HELICAL WAVEGUIDES
In this section, a SAFE method is presented to solve the propagation modes of a helical waveguide having any arbitrary cross-section (not necessarily circular). The reader can be referred to [26] (for instance) for a fundamental introduction about the use of general curvilinear coordinate systems.
Curvilinear coordinate system for translational invariance
The helix centreline curve can be described by the following position vector:
where ( )
e e e denotes the cartesian orthonormal basis. R and L are respectively the radius of the centreline in the (X,Y) cartesian plane and the helix step along the Z cartesian axis (see Fig. 1a ). A complete period is described by the parameter s varying from 0 to l. It should be noted that the parameter s has been chosen so that it corresponds to the arc length (l is thus the curvilinear length of one helix step).
The unit tangent vector to the centreline is then directly given by 
Using the above Serret-Frenet formulae, it can be shown that this kind of mapping yields the following non-orthogonal covariant basis ( )
, , g g g :
The covariant metric tensor of such a mapping, defined by mn m n g = ⋅ g g , is then
given by:
g does not depend on the third curvilinear coordinate s because κ and τ are constant for a helix. Provided that the cross-section of the waveguide does not vary along s nor the material properties, this means that this curvilinear coordinate system yields a translational invariance along s.
The contravariant basis ( )
yielding the following contravariant metric tensor, defined by mn m n g = ⋅ g g :
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It should be noted that x and y must remain small enough on the cross-section in order to the so defined coordinates ( )
, , x y s to be single valued (in particular, g must remain non-zero, i.e. 1 x κ < ). This restriction will be implied in the remaining.
Variational formulation
Assuming a linearly elastic material, small strains and displacements and a time harmonic i t e ω − dependence, the 3D variational formulation governing dynamics is given by:
for any kinematically admissible trial field δ u . and u respectively denote the displacement vector field and the Cauchy stress tensor. ρ is the material density and Ω represents the structural volume. Of course, there is no external body force for the purpose of studying propagation modes. Besides, the waveguide is assumed to be subjected to some traction-free or zero-displacement boundary conditions on its external 
The formulation (8) must first be written in a general non-orthogonal curvilinear coordinate system. Using product and differentiation rules of such a system (see for instance Ref. [27] or Chapter 2 of Ref. [28] ), it can be shown that the stress-strain and strain-displacement relations becomes:
where subscripts (resp. superscripts) denote covariant (resp. contravariant) components with respect to the contravariant basis ( )
, , g g g ).
The notation ( ) ,i ⋅ (i=1,2,3) is used for derivatives with respect to x, y and s respectively.
Besides, the following rules also hold for the dot and double dot products:
:
,
. Note that the covariant displacement components are non-physical (they do not have the dimensions of length, physical components being given by ( )
without summation over i). In this paper, physical components with respect to the orthonormal ( ) , , N B T basis are preferred, and it can be shown that the following relationship holds:
where the greek subscript , , n b t α = denotes components with respect to ( ) , ,
Using the symmetry properties of stress and strain tensors, the variational formulation (8) might be rewritten as follows: 
It must be outlined that in Eq. (12), the components of C must be expressed with respect to the covariant basis. For an isotropic material, they are:
E is the Young modulus and ν denotes the Poisson coefficient.
For the helical coordinate system previously defined and using Eqs. (7) and (10) into (9) , it can be shown that the following strain-displacement relation is obtained: 
Semi-analytical FE method
The helical transformation previously defined allows the investigation of the propagation modes because s does not appear explicitly in the equilibrium equations written in the curvilinear system, except for derivatives with respect to s. A Fourier transform in the s direction can thus be performed so that we can still speak of propagation modes. Hence, an exponential iks e might be separated from all field component, and s ∂ ∂ replaced by ik , where k denotes the axial wavenumber (along the helix centreline). It has to be pointed out that similar kinds of helical mapping had already been considered in electromagnetics to study helical waveguides, analytically [29] or numerically [30] .
The displacement vector and the trial field are now rewritten as: The FE discretisation of the formulation (17) finally yields the following eigenvalue problem:
with the elementary matrices given by: At fixed real k, the eigenproblem (19) is linear for finding ω 2 . However this simpler approach is useful only if interest is restricted to propagating modes in undamped systems. Given ω and finding k, the eigenproblem is then quadratic and must be recast into a generalized linear eigensystem in order to be solved with standard numerical solvers. This can be done as follows:
In the absence of material damping, this eigensystem is hermitian. The purely real and 
Energy velocity
The cross-section and time averaged energy velocity in waveguides is defined as follows:
( )
where bars denote time averaging. n is the unit vector along the propagation direction (i.e. normal to the cross-section). i P is the ith contravariant component of Poynting vector, k E and p E are the kinetic and potential energies, given by:
It should be noted that the energy velocity is a wave property that remains appropriate for damped media, as opposed to the group velocity definition g v k ω = ∂ ∂ that is generally not valid in damped waveguides [31] .
Having solved the eigensystems (19) or (21), the energy velocity of a given mode ( , ) k U can be directly post-processed from the matrices previously defined in Sec. 2.3.
First, it can be easily deduced that: 
RESULTS
Without loss of generality for the proposed method, the material is assumed to be isotropic with a Poisson coefficient of 0.30. The longitudinal and shear bulk velocities are defined as:
We consider waveguides with a circular cross-section of radius a, meshed with 3-node 
Convergence and accuracy
In order to assess the convergence and accuracy of the numerical method, FE results have been computed with a sequence of four refined meshes, shown in Fig. 1b with characteristics given in Table I = Ω is the dimensionless shear wavelength), often used in FEM methods to characterize the fineness of a mesh at a given frequency.
The numerical model is first validated with the Pochhammer-Chree semi-analytical model [1, 32] describing elastic propagation in an infinite isotropic cylinder (i.e. L→∞).
FE and analytical axial wavelengths are compared for a given dimensionless frequency 1 Ω = and for solutions having the lowest imaginary parts: the L(0,1) longitudinal mode Figure 2a gives the convergence curve for each mode. It can be observed that the rate of convergence approaches a quadratic behaviour for every type of modes. The accuracy for the propagating bending mode is somewhat lower, as well as for the imaginary and complex solutions (corresponding to upper bending modes). As intuitively expected, a general trend for the accuracy of a given mode is to decrease as its order increases (i.e. as its modeshape becomes more and more complex). Note that The SAFE method is now tested for a helical waveguide having a strong lay angle φ=45° and a helix radius R=2a. Table 2 gives a comparison of wavenumbers obtained for 1 Ω = and mesh 4 with the FE periodic approach proposed by the author [25] (the notation −/+ is explained further below). A perfect agreement is obtained, the difference being less than 0.1% for each wavenumber. Figure 2b also gives the convergence curve for meshes 1 to 3 (because no analytical solution is available, the solutions obtained with the most refined mesh, mesh 4, is chosen as the reference). The rate of convergence also approaches a quadratic behaviour. Note that the same trend is also obtained for the frequency error when solving the eigenproblem (19) with fixed real wavenumbers (results not shown for conciseness of the paper). From Fig. 2 , a dispersion error less than 1% is reached for all modes with mesh 3. It can be concluded that a rough criterion of λ s /h=25 is thus quite acceptable, which may be not the case for λ s /h=10. Note that it coincides well with the criterion proposed for SAFE methods by Galan et al. [33, 34] when using 3-node triangles.
Dispersion analysis of helical waveguides

Analysis of a typical helical wire in civil engineering
The wave modes propagating inside a peripheral wire constituting a typical sevenwire strand is numerically studied. The helix radius of such a peripheral wire is R=2a = = − − (29) Figure 3 shows the dispersion curves obtained for both the cylindrical and helical geometry. The eigensystem (21) has been solved by fixing the adimensional frequency Ω, ranging from 0 to 5 divided into five hundred steps. Following the conclusions drawn previously, a rough criterion of λ s /h=20 at 5 max Ω = Ω = has been chosen for the mesh (generating 2564 triangles and 3999 dofs). Because wavenumbers occur in pairs of opposite signs, only eigensolutions with positive real parts are plotted in Fig. 3 . The absolute values of imaginary parts are also plotted on the same axis, which is more readable than a three-dimensional plot (note that the sign information is lost because imaginary parts are not necessarily positive). Every mode is attenuated in damped From a physical point of view, an interesting feature can be observed by comparing the cylindrical and helical cases. The wavenumbers of the compressional L(0,1) and the torsional modes are nearly unchanged by the helical geometry (provided that the helix arc length is considered). This is not the case for flexural modes, which occur in distinct roots instead of double roots because of the lack of symmetry of the helical geometry. A similar phenomenon was observed by Demma et al. [16] for toroidal waveguides when studying bends in pipelines. For simplicity, and though this notation may be somewhat torsion L(0,1) F(1,1) Treyssède, Wave Motion   23 abusive, the pairs of helical flexural modes identified from their cylindrical counterparts have been denoted with superscripts + and -in this paper. It should also be outlined that the dispersion curves obtained in Fig. 3 are quite coherent with undamped results already obtained in Ref. [25] . Fig. 4 ). A further investigation shows that these variations happen for branches that would disconnect in the undamped case (similar phenomena have already been reported in the literature -see [35] for instance).
In a very low frequency range, strong differences occur in the helical case so that a direct analogy with the cylinder becomes difficult. Dispersion curves have been plotted between 0 Ω = and 0.02 in Fig. 5 . The torsional and L(0,1) modes are respectively cutoff near Ω=0.010 and 0.014 (for the cylinder, these modes are always propagative).
Under Ω=0.009, it becomes difficult to distinguish which modeshape corresponds to a compressional or torsional behaviour: l and t notations have been replaced to denote respectively compression and torsion dominant modes (but the choice may be somewhat 
Dispersion analysis for varying helix parameters
The effects of helix lay angle and radius are now briefly examined. Figure 6 exhibits the dispersion curves of propagating modes obtained for R=2a and a lay angle varying from 0° (cylinder) to 75°. Note that the condition 2 L a ≥ , i.e. 1 tan R a φ π − ≤ , is satisfied in order for cross-sections not to intersect each other between two successive turns. Material damping is neglected. Dispersion curves have been obtained with the same mesh as before. The eigenproblem (19) has been solved by computing the eigenfrequencies for fixed real wavenumbers ka ranging from 0 to 5 divided into five hundred steps. 6d-f ). This is also illustrated for the energy velocities plotted for φ=0° and 45° in the inset of Fig. 6a and 6d respectively. What is also observed is that the torsional and L(0,1) modes are cut-off in a low frequency range, with increasing cut-off frequencies as the lay angle increases.
Furthermore, the number of branch disconnections tends to increase, as well as the distance between them. Some of these disconnections have been identified with dashed circles in Figs. 6b-d. As shown by comparing the insets of Figs. 6a-b, they are related with strong local variations of energy velocity. However, it should be reminded that some branch disconnections could actually be connected in the presence of damping (as previously observed for φ=7.5°). As an example, Fig. 7 illustrates the lay angle influence upon the L(0,2) modeshape, identified at 5 Ω = for φ=0°, 15, 30 and 45°. It should be noted that results obtained with an increasing helix radius for a given lay angle exhibit a decreasing helix effect on wave propagation. As an example, if we increase the radius to R=10a with φ=90° -which corresponds to a toroidal waveguidethe behaviour of an infinite cylinder is surprisingly quasi-recovered as shown in Fig. 8 . 
